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PERIPHERAL STRUCTURES OF RELATIVELY HYPERBOLIC
GROUPS
WEN-YUAN YANG
Abstract. In this paper, we introduce and characterize a class of paraboli-
cally extended structures for relatively hyperbolic groups. A characterization
of relative quasiconvexity with respect to parabolically extended structures
is obtained using dynamical methods. Some applications are discussed. The
class of groups acting geometrically finitely on Floyd boundaries turns out to
be easily understood. However, we also show that Dunwoody’s inaccessible
group does not act geometrically finitely on its Floyd boundary.
1. Introduction
In this paper, we study peripheral structures of relatively hyperbolic groups.
Since introduced by Gromov [18], relative hyperbolicity has several equivalent for-
mulations. If relatively hyperbolic groups are understood as geometrically finite
actions(see Bowditch [3]), peripheral structures can be a set of representatives of
the conjugacy classes of maximal parabolic subgroups. On the other hand, following
approaches of Farb [8] and Osin [28], a peripheral structure is a preferred collec-
tion of subgroups such that the constructed relative Cayley graph satisfies some
nice properties. In practice a given group may be hyperbolic relative to different
peripheral structures. So it is interesting to understand the relationship between
possible peripheral structures that can be endowed on a countable group.
The study of peripheral structures actually stems from the study of hyperbolic
groups. A first result of this sort is due to Gersten [16] and Bowditch [3], who
proved that malnormal quasiconvex subgroups of hyperbolic groups yield peripheral
structures. In a point of view of relative hyperbolicity, an ordinary hyperbolic
group is hyperbolic relative to a trivial subgroup. Later on, in relatively hyperbolic
groups, Osin [29] generalized their results and proposed the notion of hyperbolically
embedded subgroups. A hyperbolically embedded subgroup can be added into
the existing peripheral structure such that the group is hyperbolic relative to the
enlarged peripheral structure. In the present paper, we shall enlarge peripheral
subgroups themselves to get new peripheral structures.
In the remainder of the paper, the term “peripheral structure” will be used in a
weaker sense, i.e. it is just a finite collection of subgroups without involving relative
hyperbolicity.
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Let G be a countable group with a collection of subgroups H = {Hi}i∈I . We
denote such a pair by (G,H). The collection H is often referred as a peripheral
structure of G, and each element of H a peripheral subgroup of G. In what follows,
we are interested in peripheral structures of finite cardinality.
Let H = {Hi}i∈I and P = {Pj}j∈J be two peripheral structures of a countable
group G. If for each i ∈ I, there exists j ∈ J such that Hi ⊂ Pj , then we say P is
an extended peripheral structure for the pair (G,H). Moreover, if the pairs (G,H)
and (G,P) are both relatively hyperbolic, then we say P is parabolically extended
for (G,H). Each subgroup P ∈ P is said to be parabolically embedded into (G,H).
Our first result is to give a characterization of parabolically extended peripheral
structure. The notation Γg denotes the conjugate gΓg−1 of a subgroup Γ ⊂ G by
an element g ∈ G. Recall that a subgroup Γ ⊂ G is weakly malnormal if Γ ∩ Γg is
finite for any g ∈ G \ Γ.
Theorem 1.1. Suppose (G,H) is relatively hyperbolic and P is an extended periph-
eral structure for (G,H). Then (G,P) is relatively hyperbolic if and only if each
P ∈ P satisfies the following statements
(P1). P is relatively quasiconvex with respect to H,
(P2). P is weakly malnormal, and
(P3). P g ∩ P ′ is finite for any g ∈ G and distinct P, P ′ ∈ P.
In fact, Theorem 1.1 follows from a characterization of parabolically embedded
subgroups (see Theorem 3.10).
Remark 1.2. In our terms, a hyperbolically embedded subgroup Γ ⊂ G in the sense
of Osin [29] is parabolically embedded into (G,H). In this case, Γ turns out to
be a hyperbolic group. However, parabolically embedded subgroups may be in
general hyperbolic relative to a nontrivial collection of proper subgroups, as stated
in Condition (P1).
In relatively hyperbolic groups, we can define a natural class of subgroups named
relatively quasiconvex subgroups. We observe that a subgroup relatively quasicon-
vex with respect to one peripheral structure is not necessarily relatively quasiconvex
with respect to others. Our second result is to give a characterization of relative
quasiconvexity with respect to parabolically extended structures.
Theorem 1.3. Suppose (G,H) is relatively hyperbolic and P is a parabolically ex-
tended structure for (G,H). If Γ ⊂ G is relatively quasiconvex with respect to H,
then Γ is relatively quasiconvex with respect to P.
Conversely, suppose Γ ⊂ G is relatively quasiconvex with respect to P. Then Γ is
relatively quasiconvex with respect to H if and only if Γ∩P g is relatively quasiconvex
with respect to H for any g ∈ G and P ∈ P.
Remark 1.4. Theorem 1.3 generalizes the main result of E. Martinez-Pedroza [23],
where P is obtained from H by adjoining hyperbolically embedded subgroups.
Unlike the proof of Theorem 1.1, we give a dynamical proof of Theorem 1.3 using
the work of Gerasimov [11] and Gerasimov-Potyagailo [13] on Floyd maps.
Using Floyd maps, some preliminary observations are made to general periph-
eral structures of relatively hyperbolic groups. In this study, it appears worth to
distinguish relatively hyperbolic groups which admit geometrically finite actions
on their Floyd boundaries and the ones which do not. For instance, peripheral
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structures of groups admitting geometrically finite actions on Floyd boundaries are
much simpler and shown to be parabolically extended with respect to canonical
ones. See Corollary 4.21.
In fact, it is known that many relatively hyperbolic groups act geometrically
finitely on their Floyd boundaries:
(1) Geometrically finite Kleinian groups where maximal parabolic subgroups
are virtually abelian.
(2) Hyperbolic groups relative to a collection of unconstricted subgroups. Ac-
cording to [6], a group is unconstricted if one of its asymptotic cones has
no cut points. By Proposition 4.28 of [27], the Floyd boundary of an un-
constricted subgroup is trivial, i.e. consisting of less then 2 points.
(3) Most known hyperbolic groups relative to a collection of non-relatively hy-
perbolic subgroups. Recall that an Non-Relatively Hyperbolic (NRH) group
is not hyperbolic relative to any collection of proper subgroups. For exam-
ple, all NRH subgroups in [1] have trivial Floyd boundaries.
However, there do exist relatively hyperbolic groups which do not act geomet-
rically finitely on their Floyd boundaries. See Proposition 4.23 for the example
Dunwoody’s inaccessible group which is constructed by Dunwoody in [7].
Moreover, one of our results shows that for a relatively hyperbolic group, its
convergence action on Floyd boundary is largely determined by ones of peripheral
subgroups.
Theorem 1.5. Suppose (G,H) is relatively hyperbolic. Then G acts geometrically
finitely on its Floyd boundary ∂fG if and only if each H ∈ H acts geometrically
finitely on its limit set for the action on ∂fG.
In [27], Olshanskii-Osin-Sapir made the following conjecture on the relationship
between relatively hyperbolic groups and their Floyd boundaries.
Conjecture A. [27] If a finitely generated group has non-trivial Floyd boundary,
then it is hyperbolic relative to a collection of proper subgroups.
Remark 1.6. The converse of Conjecture A follows from Gerasimov’s theorem [10]
on Floyd maps for relatively hyperbolic groups.
By simple arguments, we observe that Conjecture A is in fact equivalent to the
following cojecture. See Proposition 4.25.
Conjecture B. If a finitely generated group is hyperbolic relative to a collection of
NRH proper subgroups, then it acts geometrically finitely on its Floyd boundary.
Remark 1.7. One result of Behrstock-Drutu-Mosher [2, Proposition 6.3] says that
Dunwoody’s inaccessible group does not satisfy the assumption of Conjecture B.
The structure of the paper is as follows. In Section 2, we restate Bounded Coset
Penetration property for countable relative hyperbolicity and indicate the equiva-
lence of the definitions of countable relative hyperbolicity due to Osin and Farb.
We also construct a quasi-isometric map from a relatively quasiconvex subgroup
to the ambient group. Our construction leads to a new proof of Hruska’s result
[19] that relatively quasiconvex subgroups are relatively hyperbolic. In Section 3,
we study parabolically extended structures and give the proof of Theorem 1.1. In
Section 4, we take a dynamical approach to relative hyperbolicity and then prove
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Theorems 1.3 and 1.5. Dunwoody’s inaccessible group and Olshanskii-Osin-Sapir’s
conjecture are discussed in this section.
Acknowledgment. The author would like to sincerely thank Prof. Leonid Potyagailo
for many helpful comments on this work. The author also thanks Denis Osin for
some corrections in an earlier version of Theorem 1.1, and Jason Manning for helpful
conversations in a Geometric Group Theory conference at Luminy in May 2010.
2. Preliminaries
2.1. Cayley graphs and partial distance functions. Let G be a group with a
set A ⊂ G. Note that the alphabet set A is assumed to neither be finite and nor
generate G. For convenience, we always assume 1 /∈ A and A = A−1.
We define the Cayley graph G (G,A) of a group G with respect to A, as a
directed edge-labeled graph with the vertex set V (G (G,A)) = G and the edge set
E(G (G,A)) = G × A. An edge e = [g, a] goes from the vertex g to the vertex ga
and has the label Lab(e) = a. As usual, we denote the origin and the terminus of
the edge e, i.e., the vertices g and ga, by e− and e+ respectively. By definition, we
set e−1 := [ga, a−1].
Let p = e1e2 . . . ek be a combinatorial path in the Cayley graph G (G,A), where
e1, e2, . . . , ek ∈ E(G (G,A)). The length of p is the number of edges in p, i.e.
ℓ(p) = k. We define the label of p as Lab(p) = Lab(e1)Lab(e2) . . .Lab(ek). The
path p−1 is defined in a similar way. We also denote by p− = (e1)− and p+ = (ek)+
the origin and the terminus of p respectively. A cycle p is a path such that p− = p+.
Definition 2.1. (Partial Distance Functions) By assigning the length of each edge
in G (G,A) to be 1, we define a partial distance function dA : G (G,A)×G (G,A)→
[0,∞] as follows. Note that A is not assumed to generate G and thus G (G,A)
may be disconnected. For z, w ∈ G (G,A), if z and w lie in the same path con-
nected component of G (G,A), we define dA(z, w) as the length of a shortest path
in G (G,A) between z and w. Otherwise we set dA(z, w) =∞.
Remark 2.2. If 〈A〉 = G, then the partial distance function dA actually gives a word
metric with respect to A on the Cayley graph G (G,A). Note that if g1, g2 ∈ G
and g−11 g2 /∈ 〈A〉, then dA(g1, g2) =∞. For any element g ∈ G, we define its norm
|g|A = dA(1, g).
A path p in the Cayley graph G (G,A) is called (λ, c)-quasigeodesic for some
λ ≥ 1, c ≥ 0, if the following inequality holds for any subpath q of p,
ℓ(p) ≤ λdA(q−, q+) + c.
We often consider a group G with a collection of subgroups H = {Hi}i∈I . Then
X is a relative generating set for (G,H) if G is generated by the set (∪i∈IHi) ∪X
in the traditional sense.
Let H =
⊔
i∈I
Hi \ {1}. Fixing a relative generating set X for (G,H), the con-
structed Cayley graph G (G,X ∪ H) is called the relative Cayley graph of G with
respect to H. We now collect some notions introduced by Osin [28] in relative
Cayley graphs.
Definition 2.3. Let p, q be paths in G (G,X ∪ H). A subpath s of p is called an
Hi-component, if s is the maximal subpath of p such that s is labeled by letters
from Hi.
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Two Hi-components s, t of p, q respectively are called connected if there exists a
path c in G (G,X ∪H) such that c− = s−, c+ = t− and c is labeled by letters from
Hi. An Hi-component s of p is isolated if no other Hi-component of p is connected
to s.
We say a path p without backtracking by meaning that all Hi-components of p
are isolated. A vertex u of p is nonphase if there is an Hi-component s of p such
that u is a vertex of s but u 6= s−, u 6= s+. Other vertices of p are called phase.
2.2. Relatively hyperbolic groups. In the large part of this paper, we consider
countable relatively hyperbolic groups. In this subsection, we shall recall the defi-
nitions of countable relative hyperbolicity in the sense of Osin and Farb, and then
indicate their equivalence based on Osin’s results in [28].
Let G be a countable group with a finite collection of subgroups H = {Hi}i∈I .
As the notion of relative generating sets, we can define in a similar fashion the
relative presentations and (relative) Dehn functions of G with respect to H. We
refer the reader to [28] for precise definitions.
We now give the first definition of relative hyperbolicity due to Osin [28]. Note
that the full version of Osin’s definition applies to general groups without assuming
the finiteness of H.
Definition 2.4. (Osin Definition) A countable group G is hyperbolic relative to H
in the sense of Osin if G is finitely presented with respect to H and the relative
Dehn function of G with respect to H is linear.
The following lemma plays an important role in Osin’s approach [28] to relative
hyperbolicity. The finite subset Ω and constant κ below depend on the choice of
finite relative presentations of G with respect to H. In our later use of Lemma 2.5,
when saying there exists κ,Ω such that the inequality (1) below holds in G (G,X ∪
H), we have implicitly chosen a finite relative presentation of G with respect to H.
Lemma 2.5. [28, Lemma 2.27] Suppose (G,H) is relatively hyperbolic in the sense
of Osin and X is a finite relative generating set for (G,H). Then there exists
κ ≥ 1 and a finite subset Ω ⊂ G such that the following holds. Let c be a cycle in
G (G,X ∪ H) with a set of isolated Hi-components S = {s1, . . . , sk} of c for some
i ∈ I, Then
(1)
∑
s∈S
dΩi(s−, s+) ≤ κℓ(c),
where Ωi := Ω ∩Hi.
Remark 2.6. By the definition of dΩi , if dΩi(g, h) < ∞ for g, h ∈ G, then there
exists a path p labeled by letters from Ωi in this new Cayley graph G (G,X∪Ω∪H)
such that p− = g, p+ = h.
Using Lemma 2.5, the following lemma can be proven exactly as Proposition
3.15 in [28]. The finite set Ω below is given by Lemma 2.5.
Lemma 2.7. [28] Suppose (G,H) is relatively hyperbolic in the sense of Osin and X
is a finite relative generating set for (G,H). For any λ ≥ 1, c ≥ 0, there exists a con-
stant ǫ = ǫ(λ, c) > 0 such that the following holds. Let p, q be (λ, c)-quasigeodesics
without backtracking in G (G,X ∪ H) such that p− = q−, p+ = q+. Then for any
phase vertex u of p(resp. q), there exists a phase vertex v of q(resp.p) such that
dX∪Ω(u, v) < ǫ.
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The following lemma is well-known in the theory of relatively hyperbolic groups.
Lemma 2.8. [28] Suppose (G,H) is relatively hyperbolic in the sense of Osin. Then
the following statements hold for any g ∈ G and Hi, Hj ∈ H,
1) If Hgi ∩Hi is infinite, then g ∈ Hi,
2) If i 6= j, then Hgi ∩Hj is finite.
In order to formulate the BCP property, we shall put a metric dG on a group
G, which is proper if any bounded set is finite, and left invariant if dG(gx1, gx2) =
dG(x1, x2) for any g, x1, x2 ∈ G. For given g ∈ G, we define the norm |g|dG with
respect to dG to be the distance dG(1, g).
Let us now recall the following lemma in Hruska-Wise [20], which justifies the
use of proper left invariant metrics on countable groups.
Lemma 2.9. [20] A group is countable if and only if it admits a proper left invariant
metric.
From now on, we assume that (G,H) has a finite relative generating set X .
In terms of proper left invariant metrics, bounded coset penetration property is
formulated as follows.
Definition 2.10. (Bounded coset penetration) Let dG be some (any) proper, left
invariant metric on G. The pair (G,H) is said to satisfy the bounded coset pene-
tration property with respect to dG (or BCP property with respect to dG for short)
if, for any λ ≥ 1, c ≥ 0, there exists a constant a = a(λ, c, dG) such that the
following conditions hold. Let p, q be (λ, c)-quasigeodesics without backtracking in
G (G,X ∪H) such that p− = q−, p+ = q+.
1) Suppose that s is anHi-component of p for someHi ∈ H, such that dG(s−, s+) >
a. Then there exists an Hi-component t of q such that t is connected to s.
2) Suppose that s and t are connected Hi-components of p and q respectively,
for some Hi ∈ H. Then dG(s−, t−) < a and dG(s+, t+) < a.
Remark 2.11. In [19], Hruska proposed to use the partial distance function dX
(with respect to a finite relative generating set X) instead of dG in the definition
of BCP property, and showed that BCP property is independent of the choice of
relative generating sets. However, this is generally not true, due to the following
example.
Example 2.12. We take a free product G = L ∗F K of two finitely generated groups
L and K amalgamated over a nontrivial finite group F , which is known to be
hyperbolic relative to H = {L,K} in the sense of Farb and Osin. Take a special
relative generating set X = ∅ and construct the relative Cayley graph G (G,X∪H).
Since F = L ∩ K is nontrivial, we take a nontrivial element f = fL = fK ∈ F ,
where fL and fK are the corresponding elements in L\{1} and K \{1} respectively.
Thus, there are two different edges p and q with same endpoints 1 and f such that
Lab(p) = fL and Lab(q) = fK in G (G,X ∪ H). Obviously p and q are geodesics
and isolated components. Note that dX(p−, p+) =∞. Hence BCP property is not
well-defined with respect to dX .
This example was also known to other researchers in this field, see Remark 2.15
in a latest version of [23]. Moreover, the idea using proper metrics to define BCP
property also appeared independently in Martinez-Pedroza [23]. See Subsection 2.3
in [23].
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Remark 2.13. We remark that Hruska’s arguments in [19] remain valid with the
new definition 2.10 of BCP property. So the main result concerning the equiva-
lence of various definitions of relative hyperbolicity in [19] is still correct. For the
convenience of the reader, we will give a direct proof of the equivalence of Osin’s
and Farb’s definitions in the remaining part of this subsection.
The following corollary is immediate by an elementary argument.
Corollary 2.14. BCP property of (G,H) is independent of the choice of left in-
variant proper metrics.
In view of Corollary 2.14, we shall not mention explicitly proper left invariant
metrics when saying the BCP property of (G,H).
With a little abuse of terminology, we also say (G,H) satisfies BCP property
with respect to a partial distance function dA if, for any λ ≥ 1, c ≥ 0, there exists
a constant a = a(λ, c, dA) such that the statements of BCP property 1) and 2) are
true for dA.
When proving BCP property, we usually do it with respect to some special partial
distance function, as stated in the following corollary.
Corollary 2.15. Let A ⊂ G be a finite set. If (G,H) satisfies BCP property with
respect to dA, then so does (G,H) with respect to any proper left invariant metric.
The second definition of relative hyperbolicity is due to Farb [8], which will be
used in establishing relative hyperbolicity of groups in Section 3.
Definition 2.16. (Farb Definition) A countable group G is hyperbolic relative to
H in the sense of Farb if the Caylay graph G (G,X ∪H) is hyperbolic and the pair
(G,H) satisfies the BCP property.
As observed in Example 2.12, BCP property is not well-defined with respect
to relative generating sets. But the following lemma states that for a given finite
relative generating set, we can always find a finite subset Σ such that (G,H) satisfies
BCP property with respect to dΣ.
Lemma 2.17. Suppose (G,H) is relatively hyperbolic in the sense of Osin and X
is a finite relative generating set for (G,H). Then there exists a finite set Σ ⊂ G
such that then (G,H) satisfies BCP property with respect to dΣ.
Proof. Let Ω be the finite set given by Lemma 2.5 for G (G,X ∪ H). We take a
new finite relative generating set Xˆ := X ∪Ω. Using Lemma 2.5 again, we obtain a
finite set Σ and constant µ > 1 such that the inequality (1) holds in G (G, Xˆ ∪H).
We now verify BCP property 1). Let p, q be (λ, c)-quasigeodesics without back-
tracking in G (G,X ∪ H). Since Xˆ is finite, the embedding G (G,X ∪ H) →֒
G (G, Xˆ ∪ H) is a quasi-isometry. Regarded as paths in G (G, Xˆ ∪ H), p, q are
(λ′, c′)-quasigeodesics without backtracking in G (G, Xˆ ∪ H), for some constants
λ′ ≥ 1, c′ ≥ 0 depending on Xˆ.
Let ǫ = ǫ(λ, c) be the constant given by Lemma 2.7. Set
a = µ(λ′ + 1)(2ǫ+ 1) + c′µ.
We claim that a is the desired constant for the BCP property of (G,H). If not,
we suppose there exists an Hi-component s of p such that dΣ(s−, s+) > a and no
Hi-component of q is connected to s.
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By Lemma 2.7, there exist phase vertices u, v of q such that dX∪Ω(s−, u) <
ǫ, dX∪Ω(s−, v) < ǫ. Thus by regarding p, q as paths in G (G, Xˆ ∪ H), there exist
paths l and r labeled by letters from Ω such that l− = e−, l+ = u, r− = e+, and
r+ = v. We consider the cycle c := er[u, v]
−1
q l
−1 in G (G, Xˆ ∪ H), where [u, v]q
denotes the subpath of q between u and v. Since [u, v]q is a (λ
′, c′)-quasigeodesic,
we compute ℓ(c) by the triangle inequality and have
ℓ(c) ≤ (λ′ + 1)(2ǫ+ 1) + c′.
Obviously e is an isolated Hi-component of c. Using Lemma 2.5 for the cycle c in
G (G, Xˆ ∪H), we have dΣ(e−, e+) < µℓ(c) < a. This is a contradiction.
Therefore, BCP property 1) is verified with respect to dΣ. BCP property 2) can
be proven in a similar way. 
We conclude this subsection with the following theorem which is proven in [28]
for finitely generated relatively hyperbolic groups.
Theorem 2.18. The pair (G,H) is relatively hyperbolic in the sense of Farb if and
only if it is relatively hyperbolic in the sense of Osin.
Proof. By Corollary 2.15, BCP property of (G,H) follows from Lemma 2.17. The
hyperbolicity of relative Cayley graph G (G,X∪H) is proven in [28, Corollary 2.54].
Thus, (G,H) is relatively hyperbolic in the sense of Farb.
The sufficient part is proven in the appendix of Osin [28] for finitely generated
relatively hyperbolic groups. We remark that the only argument involved to use
word metrics with respect to finite generating sets is in the proof of Lemma 6.12 in
[28]. But Osin’s argument also works for any proper left invariant metric. Hence,
Osin’s proof is through for the countable case. 
2.3. Relatively quasiconvex subgroups. In this subsection, we shall explicitly
describe a quasi-isometric map between a relatively quasiconvex subgroup to the
ambient relatively hyperbolic group.
The existence of such a quasi-isometric map is first proven in [19, Theorem 10.1],
but whose statement or proof does not tell explicitly how a geodesic is mapped.
Using an argument of Short on the geometry of relative Cayley graph, we carry on
a more careful analysis to construct the quasi-isometric map explicitly.
As a byproduct in the course of the construction, we are able to produce a new
proof of the relative hyperbolicity of relatively quasiconvex subgroups. This was an
open problem in [28] and is firstly answered by Hruska [19] using different methods.
During the preparation of this thesis, E. Martinez-Pedroza and D. Wise [22] gave
another elementary and self-contained proof of this result.
Definition 2.19. [19] Suppose (G,H) is relatively hyperbolic and d is some proper
left invariant metric on G. A subgroup Γ of G is called relatively σ-quasiconvex
with respect to H if there exists a constant σ = σ(d) > 0 such that the following
condition holds. Let p be an arbitrary geodesic path in G (G,X ∪ H) such that
p−, p+ ∈ Γ. Then for any vertex v ∈ p, there exists a vertex w ∈ Γ such that
d(u,w) < σ.
Corollary 2.20. [19] Relative quasiconvexity is independent of the choice of proper
left invariant metrics.
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In fact, when proving relative quasiconvexity, we usually verify the relative qua-
siconvexity with respect to some partial distance function, as indicated in the fol-
lowing corollary. See an application of this corollary in the proof of Proposition
3.3.
Corollary 2.21. Suppose (G,H) is relatively hyperbolic and Γ is a subgroup of G.
Let A ⊂ G be a finite set and dA the partial distance function with respect to A. If
there exists a constant σ = σ(dA) > 0 such that for any geodesic p with endpoints
at Γ, the vertex set of p lies in σ-neighborhood of Γ with respect to dA. Then Γ is
relatively quasiconvex.
We are going to construct the quasi-isometric map. The relatively finitely gener-
atedness of Γ in Lemma 2.22 is also proved by E. Martinez-Pedroza and D. Wise [22].
In particular, it also follows from a more general result of Gerasimov-Potyagailo [14],
which states that 2-cocompact convergence groups are finitely generated relative to
a set of maximal parabolic subgroups.
Lemma 2.22. Suppose (G,H) is relatively hyperbolic. Let Γ < G be relatively σ-
quasiconvex. Then Γ is finitely generated by a finite subset Y ⊂ G with respect to
a finite collection of subgroups
(2) K = {Hgi ∩ Γ : |g|d < σ, i ∈ I, ♯ H
g
i ∩ Γ =∞}.
Moreover, X can be chosen such that Y ⊂ X and there is a Γ-equivariant quasi-
isometric map ι : G (Γ, Y ∪K)→ G (G,X ∪H).
Proof. The argument is inspired by the one of [28, Lemma 4.14].
For any γ ∈ Γ, we take a geodesic p in G (G,X ∪ H) with endpoints 1 and γ.
Suppose the length of p is n. Let g0 = 1, g1, . . . , gn = γ be the consecutive vertices
of p. By the definition of relative quasiconvexity, for each vertex gi of p, there exists
an element γi in Γ such that d(gi, γi) < σ.
Denote by xi the element γ
−1
i gi, and by ei+1 the edge of p going from gi to gi+1.
Obviously we have γi+1 = γixiLab(ei+1)x
−1
i+1.
Set κ = max{|x|d : x ∈ X}. Then κ is finite, as X is finite. Let Z0 = {γ ∈ Γ :
|γ|d ≤ 2σ + κ} and Zx,y,i = {xhy−1 : h ∈ Hi} ∩ Γ. Since the metric d is proper,
the set Bσ := {g ∈ G : |g|d ≤ σ} is finite.
For simplifying notations, we define sets
Π = {(x, y, i) : x, y ∈ Bσ, i ∈ I}
and
Ξ = {(x, y, i) : ♯ Zx,y,i =∞, x, y ∈ Bσ, i ∈ I}.
If ei+1 is an edge labeled by a letter from X , then the element xiLab(ei+1)x
−1
i+1
belongs to Z0. If ei+1 is an edge labeled by a letter from Hk, then xiLab(ei+1)x
−1
i+1
belongs to Zxi,xi+1,k. By the construction, we obtain that the subgroup Γ is also
generated by the set
Z := Z0 ∪
(
∪(x,y,i)∈ΠZx,y,i
)
.
For each (x, y, i) ∈ Π, if Zx,y,i is nonempty, then we take an element of the form
xhiy
−1 ∈ Zx,y,i for some hi ∈ Hi. Denote by Z1 the union of all such elements⋃
(x,y,i)∈Π xhiy
−1. Note that Z1 ⊂ Z. Then we have that Γ is generated by the set
Zˆ := Y ∪
(
∪(z,z,i)∈ΞZz,z,i
)
,
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where Y := Z0 ∪Z1 ∪
(⋃
(z,z,i)∈Π\Ξ Zz,z,i
)
. Indeed, for each triple (x, y, i) ∈ Π, we
have
Zx,y,i = Zx,x,i · xhiy
−1, where xhiy
−1 ∈ Z1.
On the other direction, it is obvious that Zˆ ⊂ Z.
Let Xˆ = X ∪ Y ∪ Bσ. By the above construction, we define a Γ-equivariant
map φ from G (Γ, Z) to G (G, Xˆ ∪ H) as follows. For each vertex γ ∈ V (G (Γ, Z)),
φ(γ) = γ. For each edge [γ, s] ∈ E(G (Γ, Z)), if s ∈ Z0, then φ([γ, s]) = [γ, s];
if s ∈ Zx,y,i for some (x, y, i) ∈ Ξ, then s = xty−1 for some t ∈ Hi and we set
φ([γ, s]) = [γ, x][γx, t][γxt, y−1].
For any γ1, γ2 ∈ V (G (Γ, Z)), it is easy to see that dXˆ∪H(γ1, γ2) < 3dZ(γ1, γ2).
For the other direction, we take a geodesic q in G (G,X ∪H) with endpoints γ1, γ2.
Since Xˆ is finite, there exist constants λ ≥ 1, c ≥ 0 depending only on Xˆ,
such that the graph embedding G (G,X ∪ H) →֒ G (G, Xˆ ∪ H) is a G-equivariant
(λ, c)-quasi-isometry. Thus, q is a (λ, c)-quasigeodesic in G (G, Xˆ ∪H), i.e.
dX∪H(γ1, γ2) < λdXˆ∪H(γ1, γ2) + c.
Since q is a geodesic in G (G,X∪H) ending at Γ, we can apply the above analysis
to q and obtain that dZ(γ1, γ2) < dX∪H(γ1, γ2). Then we have
dZ(γ1, γ2) < λdXˆ∪H(γ1, γ2) + c.
Therefore, φ is a Γ-equivariant quasi-isometric map.
We now claim the subgraph embedding ı : G (Γ, Zˆ) →֒ G (Γ, Z) is a Γ-equivariant
(2, 0)-quasi-isometry. This is due to the following observation: every element of Z
can be expressed as a word of Zˆ of length at most 2.
Finally, we obtain a Γ-equivariant quasi-isometric map ι := φ ·ı from G (Γ, Y ∪K)
to G (G, Xˆ ∪H). 
Remark 2.23. Eliminating redundant entries of K such that all entries of K are non-
conjugate in Γ, we keep the same notation K for the reduced collection. It is easy
to see the construction of the quasi-isometric map ι : G (Γ, Y ∪ K)→ G (G,X ∪H)
works for the reduced K.
In the following of this subsection, we assume the Γ-equivariant quasi-isometric
map ι : G (Γ, Y ∪ K) → G (G,X ∪ H) is the one constructed in Lemma 2.22. In
particular X is the suitable chosen relative generating set such that Y ⊂ X .
Lemma 2.24. Suppose (G,H) is relatively hyperbolic. Let Γ < G be relatively σ-
quasiconvex. Then the quasi-isometric map ι : G (Γ, Y ∪ K) → G (G,X ∪ H) sends
distinct peripheral K-cosets of Γ to a d-distance σ from distinct peripheral H-cosets
of G.
Proof. Taking into account Lemma 2.22 and Remark 2.23, we suppose all entries
of K are non-conjugate. We continue the notations in the proof of Lemma 2.22.
By the construction of φ, we can see the map φ sends the subset gZx,x,i to a
uniform d-distance σ from the peripheral coset gxHi of G for each (x, x, i) ∈ Ξ
and g ∈ G. Here σ is the quasiconvex constant associated to Γ. Observe that
ı : G (Γ, Zˆ) →֒ G (Γ, Z) is an embedding. Therefore, we have the quasi-isometric
map ι = φ · ı maps each peripheral K-coset to a uniform distance from a peripheral
H-coset.
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We now show the “injectivity” of ι on K-cosets. Let γHgi ∩ Γ, γ
′Hg
′
i′ ∩ Γ be
distinct peripheral K-cosets of Γ, where γ, γ′ ∈ Γ and Hgi ∩ Γ, H
g′
i′ ∩ Γ ∈ K.
Using Lemma 2.8, it is easy to deduce that if γ(Hgi ∩Γ)γ
−1∩(Hg
′
i′ ∩Γ) is infinite,
then i = i′ and γ ∈ Hgi ∩ Γ.
It is seen from the above discussion that there is a uniform constant σ > 0, such
that ι(γHgi ∩ Γ) ⊂ Nσ(γgHi) and ι(γ
′Hg
′
i′ ∩ Γ) ⊂ Nσ(γ
′g′Hi′). It suffices to show
that γgHi 6= γ′g′Hi′ .
Without loss of generality, we assume that i = i′. Suppose, to the contrary,
that γgHi = γ
′g′Hi. Then we have γg = γ
′g′h for some h ∈ Hi. It follows that
γgHig
−1γ−1 = γ′g′Hig
′−1γ′−1. This implies that Hgi ∩Γ is conjugate to H
g′
i ∩Γ in
Γ, i.e. Hgi ∩Γ = (H
g′
i ∩Γ)
γ−1γ′ . Since any two entries of K are non-conjugate in Γ,
we have Hgi ∩Γ = H
g′
i ∩Γ. As a consquence, we have γ
−1γ′ ∈ Hgi ∩Γ, as H
g
i ∩Γ ∈ K
is infinite. This is a contradiction, since we assumed γHgi ∩ Γ 6= γ
′Hg
′
i′ ∩ Γ.
Therefore, ι sends distinct peripheral K-cosets of Γ to a uniform distance from
distinct peripheral H-cosets of G. 
Before proceeding to prove the relative hyperbolicity of relatively quasiconvex
subgroups, we need justify the finite collection K in (2) as a set of representatives
of Γ-conjugacy classes of Kˆ in (3).
Lemma 2.25. [24] Suppose (G,H) is relatively hyperbolic. Let Γ < G be relatively
σ-quasiconvex. Then the following collection of subgroups of Γ
(3) Kˆ = {Hgi ∩ Γ : ♯ H
g
i ∩ Γ =∞, g ∈ G, i ∈ I}.
consists of finitely many Γ-conjugacy classes. In particular, K is a set of represen-
tatives of Γ-conjugacy classes of Kˆ.
Proof. This is proven by adapting an argument of Martinez-Pedroza [24, Proposi-
tion 1.5] with our formulation of BCP property 2.10. We refer the reader to [24]
for the details. 
We are ready to show the relative hyperbolicity of (Γ,K). Using notations in the
proof of Lemma 2.22, we recall that K = {Zx,x,i : (x, x, i) ∈ Ξ}.
Lemma 2.26. Suppose (G,H) is relatively hyperbolic. If Γ < G is relatively σ-
quasiconvex, then (Γ,K) is relatively hyperbolic.
Proof. Recall that ι is the Γ-equivariant quasi-isometric map from G (Γ, Y ∪ K) to
G (G,X ∪H). In particular we assumed Y ⊂ X .
We shall prove the relative hyperbolicity of Γ using Farb’s definition. First, it is
straightforward to verify that G (Γ, Y ∪K) has the thin-triangle property, using the
quasi-isometric map ι and the hyperbolicity of G (G,X ∪H).
Let dG be a proper left invariant metric on G. Denote by dΓ the restriction of
dG on Γ. Obviously dΓ is a proper left invariant metric on Γ. We are going to verify
BCP property 1) with respect to dΓ, for the pair (Γ,K). The verification of BCP
property 2) is similar.
Let [γ, s] be an edge of G (Γ, Y ∪ K), where s ∈ Zx,x,i for some (x, x, i) ∈
Ξ. By the construction of ι, [γ, s] is mapped by ι to the concatenated path
[γ, x][γx, t][γzt, x−1], which clearly contains an Hi-component [γx, t]. Note that
|x|d ≤ σ. To simplify notations, we reindex K = {Kj}j∈J .
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Given λ ≥ 1 and c ≥ 0, we consider two (λ, c)-quasigeodesics p, q without back-
tracking in G (Γ, Y ∪ K) such that p− = q−, p+ = q+. By Lemma 2.24, as p, q are
assumed to have no backtracking, the paths pˆ = ι(p), qˆ = ι(q) in G (G,X ∪H) also
have no backtracking. Moreover, for each Hi-component sˆ of pˆ(resp. qˆ), there is a
Kj-component s of p(resp. q) such that sˆ ⊂ ι(s).
Note that paths pˆ, qˆ are (λ′,c′)-quasigeodesic without backtracking in G (G,X ∪
H) for some λ′ ≥ 1, c′ ≥ 1. By BCP property of (G,H), we have the constant
aˆ = a(λ′, c′, dG). Set a = aˆ + 2σ, where σ is the quasiconvex constant of Γ. Let
s be a Kj-component of p for some j ∈ J . We claim that if dΓ(s−, s+) > a, then
there is a Kj-component t of q connected to s.
By the property of the map ι, there exists an Hi-component sˆ of pˆ such that the
following hold
dG(sˆ−, ι(s)−) ≤ σ, dG(sˆ+, ι(s)+) ≤ σ.
Thus, we have dG(sˆ−, sˆ+) > aˆ. Using BCP property 1) of (G,H), there exists an
Hi-component tˆ of qˆ, that is connected to sˆ. By the construction of ι, there is a
Kk-component t of q for some k ∈ J such that tˆ ⊂ ι(t).
Since sˆ and tˆ are connected as Hi-components, endpoints of sˆ and tˆ belong to
the same Hi-coset. By Lemma 2.24, it follows that k = j. Furthermore, endpoints
of s and t must belong to the same Kj-coset. Hence s and t are connected in
G (Γ, Y ∪ K). Therefore, it is verified that (Γ,K) satisfies BCP property 1). 
3. Characterization of parabolically embedded subgroups
Convention 1. Without loss of generality, peripheral structures considered in this
section consist of infinite subgroups. It is easy to see that adding or eliminating
finite subgroups in peripheral structures still gives relatively hyperbolic groups.
3.1. Parabolically embedded subgroups. Let H = {Hi}i∈I and P = {Pj}j∈J
be two peripheral structures of a countable group G. Recall that P is an extended
peripheral structure for (G,H), if for each Hi ∈ H, there exists Pj ∈ P such that
Hi ⊂ Pj . Given P ∈ P, we define HP = {Hi : Hi ⊂ P, i ∈ I}.
Definition 3.1. Suppose (G,H) is relatively hyperbolic and P an extended pe-
ripheral structure for (G,H). If (G,P) is relatively hyperbolic, then P is called a
parabolically extended structure for (G,H). Moreover, each P ∈ P is said to be
parabolically embedded into (G,H).
In this subsection, we assume that (G,H) is relatively hyperbolic and P is a
parabolically extended structure for (G,H).
Fix a finite relative generating set X for (G,H) and thus (G,P). Since (G,P) is
relatively hyperbolic, by Lemma 2.5, we obtain a finite subset Ω and κ ≥ 1 such
that the inequality (1) holds in G (G,X ∪ P).
Due to Lemma 2.8 and Convention 1, it is worth to mention that we have HP ∩
HP ′ = ∅, if P, P ′ are distinct in P. This implies that each H ∈ H belongs to exactly
one P ∈ P.
Since P is an extended structure for (G,H), then for each Hi ∈ H, there exists a
unique Pj ∈ P such that Hi →֒ Pj . By identifying H ⊂ P , we regard G (G,X ∪H)
as a subgraph of G (G,X ∪ P).
With a slight abuse of notations, a path p in G (G,X ∪H) will be often thought
of as a path in G (G,X ∪ P). The ambiance will be made clear in the context.
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The length ℓ(p) of a path p should also be understood in the corresponding relative
Cayley graphs, but the values are equal by the natural embedding.
Let Xˆ = X ∪Ω. We first show parabolically embedded subgroups are relatively
finitely generated.
Lemma 3.2. Let Γ = Pj ∈ P be parabolically embedded into G. Then Y := Xˆ ∩ Γ
is a finite relative generating set for the pair (Γ,HΓ).
Proof. For any γ ∈ Γ, we take a geodesic p in G (G,X ∪ H) with endpoints 1 and
γ. In G (G,X ∪P), we can connect p− and p+ by an edge e, labeled by some letter
from Γ, such that e− = p− and e+ = p+. Then the path c := pe
−1 is a cycle in
G (G,X ∪ P). Without loss of generality, we assume e is a Γ-component of c.
The following two cases are examined separately.
Case 1. If there is no Γ-component of p connected to e in G (G,X ∪ P), then e
is an isolated component of c. By Lemma 2.5, we have
dΩj (e−, e+) ≤ κℓ(c) ≤ κ(ℓ(p) + 1)
where Ωj := Ω∩Γ. In particular, there is a path q in G (G, Xˆ∪H) labeled by letters
from Ωj , such that q− = e−, q+ = e+ and
ℓ(q) = dΩj (e−, e+).
Hence, the element γ is a word over the alphabet Ωj .
Case 2. We suppose that {e1, . . . , ei, . . . , en} is the maximal set of Γ-components
of p such that each ei is connected to e. Then p can be decomposed as
(4) p = p1e1 . . . piei . . . pnenpn+1.
Since ei is a Γ-component of p, each edge of ei is labeled by an element in Γ. On
the other hand, as a subpath of p, ei has the label Lab(ei) which is a word over
X ∪ H. Observe that each H ∈ H belongs to exactly one P ∈ P. Thus we obtain
that each Lab(ei) is a word over (X ∩ Γ) ∪HΓ
Since the vertex set {e−, (e1)−, (e1)+, . . . , (en)−, (en)+, e+} lies in Γ, we can
connect pairs of consequent vertices
{e−, (e1)−}, . . . , {(ek)+, (ek+1)−}, . . . , {(en)+, e+}
by edges s0, . . . , sk . . . , sn labeled by letters from Γ respectively. We can get n+ 1
cycles ck := pks
−1
k , 1 ≤ k ≤ n+ 1, such that sk is an isolated Γ-component of ck.
As argued in Case 1 for each cycle ck, we obtain a path qk in G (G, Xˆ ∪ H)
labeled by letters from Ωj , such that (qk)− = (ek)−, (qk)+ = (sk)+, ℓ(qk) =
dΩj ((sk)−, (sk)+) and the following inequality holds
(5) ℓ(qk) ≤ κℓ(ck) ≤ κ(ℓ(pk) + 1).
In particular, we obtain a path pˆ in G (G, Xˆ ∪H) as follows
(6) pˆ := q1e1 . . . qiei . . . qnenqn+1
with same endpoints as p. Note that the label Lab(pˆ) is a word over the alphabet
(Xˆ ∩ Γ) ∪HΓ. Therefore, γ is a word over (Xˆ ∩ Γ) ∪HΓ. 
Proposition 3.3. Let Γ = Pj ∈ P be parabolically embedded into G. Then Γ is
relatively quasiconvex with respect to H.
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Proof. Since Xˆ is a finite relative generating set for (G,H), using Lemma 2.5, we
obtain a finite set Σ and constant µ > 1 such that the inequality (1) holds in
G (G, Xˆ ∪H).
Let p be a geodesic in G (G,X ∪H) such that p−, p+ ∈ Γ. By Corollary 2.21, it
suffices to prove that p lies in a uniform neighborhood of Γ with respect to d
Xˆ∪Σ.
By Lemma 3.2, we have a finite relative generating set Y ⊂ Xˆ for (Γ,HΓ). Then
we have G (Γ, Y ∪HΓ) →֒ G (G, Xˆ ∪ H). Let q be a geodesic in G (Γ, Y ∪HΓ) such
that q− = p−, q+ = p+. We claim that q is a quasigeodesic without backtracking in
G (G, Xˆ ∪ H). No backtracking of q is obvious. We will show the quasigeodesicity
of q.
We apply the same arguments to p, as Case 2 in the proof of Lemma 3.2.
Precisely, we decompose p as (4) and proceed to obtain the inequality (5) and
construct a path pˆ as in (6). Observe that pˆ has the same endpoints as p, and
Lab(pˆ) is a word over the alphabet Y ∪ HΓ. As pˆ can be regarded as path in
G (Γ, Y ∪HΓ), we obtain
(7) ℓ(q) ≤ ℓ(pˆ).
Using the inequality (5), we estimate the length of pˆ as follows
(8)
ℓ(pˆ) =
∑
1≤k≤n+1 ℓ(qk) +
∑
1≤k≤n ℓ(ek)
≤
∑
1≤k≤n+1 κℓ(pk) +
∑
1≤k≤n ℓ(ek) + (n+ 1)κ ≤ 2κℓ(p).
Since Xˆ is finite, the embedding G (G,X∪H) →֒ G (G, Xˆ∪H) is a quasi-isometry.
Thus there are constants λ ≥ 1, c ≥ 0, such that the geodesic p in G (G,X ∪H) is
a (λ, c)-quasigeodesic in G (G, Xˆ ∪H), i.e.:
(9) ℓ(p) < λd
Xˆ∪H(p−, p+) + c.
Combining (7), (8) and (9), we have
(10) ℓ(q) ≤ 2κλd
Xˆ∪H(q−, q+) + 2κc
It is easy to see the above estimates (7), (8) and (9) can be applied to arbitrary
subpath of q. Thus the same inequality as (10) is obtained for arbitrary subpath of
q. This proves our claim that q is a (2κλ, 2κc)-quasigeodesic without backtracking
in G (G, Xˆ ∪H).
As κ ≥ 1, p is a (2κλ, 2κc)-quasigeodesic in G (G, Xˆ ∪H). Hence by Lemma 2.7,
there exists a constant ǫ = ǫ(κ, λ, c) such that, for each vertex v ∈ p, there is a
phase vertex u ∈ q such that d
Xˆ∪Σ(u, v) ≤ ǫ.
On the other hand, the vertex set of q lies entirely in Γ. Thus p lies in a ǫ-
neighborhood of Γ with respect to d
Xˆ∪Σ. Therefore, we have proven the relative
quasiconvexity of Γ with respect to H. 
Lemma 2.26 and Proposition 3.3 together prove the following.
Corollary 3.4. A parabolically embedded subgroup Γ is hyperbolic relative to HΓ.
3.2. Lifting of quasigeodesics. In this subsection, we assume that (G,H) is rel-
atively hyperbolic and P an extended structure for (G,H). The results established
in this subsection will be applied in subsection 3.3 to prove Theorem 3.10.
To make our discussion more transparent, we first note the following assumption,
on which the notion of a lifting path is defined.
Assumption A. Each Pj ∈ P is relatively quasiconvex with respect to H.
PERIPHERAL STRUCTURES OF RELATIVELY HYPERBOLIC GROUPS 15
By Lemma 2.22, we assume that each Pj ∈ P is finitely generated by a finite
set Yj with respect to Hj := HPj . Without loss of generality, we assume X to be
a finite relative generating set for (G,H) such that Yj ⊂ X for each j ∈ J . So
we can identify the relative Cayley graph G (Pj , Yj ∪ Hj) of Pj as a subgraph of
G (G,X ∪H). Thus given any path p of G (G,X ∪P), we can define the lifting path
of p in G (G,X ∪ H), by replacing each Pj -component of p by a geodesic segment
in G (Pj , Yj ∪Hj) with same endpoints.
Precisely, we express the path p in G (G,X ∪ P) in the following form
(11) p = s0t0 . . . sktk . . . sntn,
where tk are Pk-components of p and sk are labeled by letters from X . It is possible
that Pi = Pj for i 6= j. We allow s0 and tn to be trivial.
Let ιk : G (Pk, Yk ∪ Hk) →֒ G (G,X ∪ H) be the graph embedding. For each
tk, we take a geodesic segment tˆk in G (Pk, Yk ∪ Hk) such that (tˆk)− = (tk)− and
(tˆk)+ = (tk)+. Then the following constructed path
(12) pˆ = s0ι(tˆ0) . . . skι(tˆk) . . . snι(tˆn)
is the lifting path of p in G (G,X ∪H).
The following two lemmas require only Assumption A above.
Lemma 3.5. Lifting of a path without backtracking in G (G,X ∪ P) has no back-
tracking in G (G,X ∪H).
Proof. We assume the path p and its lifting pˆ decompose as (11) and (12) respec-
tively. By way of contradiction, we assume that, for some H ∈ H, there exist
H-components r1, r2 of pˆ, such that r1, r2 are connected. Since sk are labeled by
letters from X , we have r1 ⊂ ι(tˆi), r2 ⊂ ι(tˆj) for some 0 ≤ i, j ≤ n.
Note that tˆk is a geodesic in G (Pk, Yk ∪Hk), which has no backtracking. Hence,
by Assumption A and Lemma 2.24, ι(tˆk) has no backtracking in G (G,X ∪ H). It
follows that i 6= j.
Since p is assumed to have no backtracking, we have that ι(tˆi) and ι(tˆj) lie
entirely in distinct cosets g1Pi and g2Pj respectively. On the other hand, as r1
and r2 are connected H-components, their endpoints lie in the same H-coset. By
the assumption that H consists of infinite subgroups, each H ∈ H belongs to exact
one subgroup P ∈ P. Thus it follows that g1Pi and g2Pj coincide. This leads to a
contradiction with non-backtrackingness of p. 
Similar arguments as above allow one to prove the following.
Lemma 3.6. Suppose p, q are two paths in G (G,X ∪ P) such that there are no
connected Pj-components of p, q for any Pj ∈ P. Then for any Hi ∈ H, their
liftings pˆ, qˆ have no connected Hi-components.
To deduce our main result Proposition 3.8, we make another assumption as
follows.
Assumption B. Let X be a finite relative generate set for (G,H). There exists
κ ≥ 1 such that for any cycle o in G (G,X ∪P) with a set of isolated Γ-components
R = {r1, . . . , rk}, the following holds∑
r∈R
dX∪H(r−, r+) ≤ κℓ(o).
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Remark 3.7. Lemma 3.13 below states that Assumption B will be satisfied under
the assumptions of Theorem 3.10.
Taking this assumption into account, we have the following.
Proposition 3.8. Lifting of a quasigeodesic without backtracking in G (G,X ∪ P)
is a quasigeodesic without backtracking in G (G,X ∪H).
Proof. To simplify our proof, we prove the proposition for the lifting of a geodesic
p in G (G,X ∪P). General cases follow from a quasi-modification of the inequality
in (13) mentioned below.
We assume the path p and its lifting pˆ decompose as (11) and (12) respectively.
Since ιk is an embedding, we will write tˆk instead of ι(tˆk) for simplicity. We shall
show the lifting path pˆ = s0tˆ0 . . . sk tˆk . . . sntˆn is a quasigeodesic in G (G,X ∪H).
By Lemma 2.22, we have each tˆk is a (λ, c)-quasigeodesic in G (G,X ∪H), where
the constants λ ≥ 1, c ≥ 0 depend on Pk and X . As ♯ P is finite, λ and c can be
made uniform for all Pk ∈ P.
Let q be a geodesic in G (G,X ∪H) with same endpoints as pˆ. Since G (G,X ∪
H) →֒ G (G,X ∪ P), it is obvious that
(13) ℓ(p) ≤ ℓ(q).
We consider the cycle c := pq−1 in G (G,X ∪ P). For each tk, we are going to
estimate the length of tˆk in G (G,X ∪H).
Case 1. The path tk is isolated in c. By Assumption B, there exists a constant
κ ≥ 1 such that
(14) dX∪H((tˆk)−, (tˆk)+) ≤ κℓ(c) ≤ κ(ℓ(p) + ℓ(q)) ≤ 2κ(ℓ(q)).
Case 2. The path tk is not isolated in c. Then tk is connected to some Pk-
component of q, as p is assumed to have no backtracking in G (G,X ∪ P). Let e1
and e2 be the first and last Pk-components of q connected to tk. Note that e1 may
coincide with e2.
Since e1 and e2 are connected to tk, we can take two edges u and v labeled by
letters from Pk such that
u− = (tk)−, u+ = (e1)−, v− = (tk)+, v+ = (e2)+.
Then c1 := p1uq
−1
1 and c2 := v
−1p2q2
−1 are two cycles in G (G,X ∪ P). By
the choice of Pk-components e1 and e2, we deduce that u and v are isolated Pk-
components of c1 and c2 respectively. By Assumption B, we have the following
inequalities
(15) dX∪H(u−, u+) ≤ κℓ(c1) ≤ κ(ℓ(p) + ℓ(q) + 1) ≤ 2κℓ(q) + κ,
and
(16) dX∪H(v−, v+) ≤ κℓ(c2) ≤ κ(ℓ(p) + ℓ(q) + 1) ≤ 2κℓ(q) + κ.
Then it follows from (15) and (16) that
(17)
dX∪H((tk)−, (tk)+) ≤ ℓ(q) + dX∪H(u−, u+) + dX∪H(v−, v+)
≤ (4κ+ 1)ℓ(q) + 2κ.
As tˆk can be regarded as a (λ, c)-quasigeodesic in G (G,X ∪H), we estimate the
length of tˆk in G (G,X ∪H) by taking into account (14) and (17),
(18)
ℓ(tˆk) ≤ λdX∪H((tk)−, (tk)+) + c
≤ λ(4κ+ 1)ℓ(q) + 2λκ+ c.
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Finally, we have
(19)
ℓ(pˆ) =
∑
0≤k≤n ℓ(si) +
∑
0≤k≤n ℓ(tˆk)
≤ ℓ(q) + ℓ(q)(λ(4κ+ 1)ℓ(q) + 2λκ+ c)
≤ λ(4κ+ 1)(ℓ(q))2 + (2λκ+ c+ 1)ℓ(q).
Similarly, we can apply the above estimates to arbitrary subpath of pˆ to obtain
the same quadratic bound on its length as (19). It is well-known that in hyperbolic
spaces a sub-exponential path is a quasigeodesic, see Bowditch [3, Lemma 5.6] for
example. Note that G (G,X ∪ H) is hyperbolic. Hence pˆ is a quasigeodesic in
G (G,X ∪H). 
Remark 3.9. In [23], Martinez-Pedroza proves a specical case of Proposition 3.8,
where P is obtained from H by adding hyperbolically embedded subgroups in the
sense of Osin [29].
3.3. Characterization of parabolically embedded subgroups. LetH = {Hi}i∈I
and K ⊂ H be two peripheral structures of a countable group G. We will show the
following characterization of parabolically embedded subgroups.
Theorem 3.10. Let G be hyperbolic relative to H. Assume that
(C0). Γ ⊂ G contains K ⊂ H,
(C1). Γ is relatively quasiconvex,
(C2). Γ is weakly malnormal,
(C3). Γg ∩Hi is finite for any g ∈ G and Hi ∈ H \K.
Then G is hyperbolic relative to {Γ} ∪H \K.
Putting in another way, Theorem 3.10 implies the following
Corollary 3.11. Under the assumptions of Theorem 3.10, Γ is a parabolically
embedded subgroup of G with respect to K.
We now prove Theorem 1.1 using Theorem 3.10.
Proof of Theorem 1.1. For the sufficient part, Condition (P1) follows from Propo-
sition 3.3. Since (G,P) is relatively hyperbolic, Conditions (P2) and (P3) are direct
consequences of Lemma 2.8.
Let P = {P1, . . . , Pj , . . . , Pn}. Recall that HPj = {Hi : Hi ⊂ Pj ; i ∈ I}. Define
peripheral structures
Pk = {P1, . . . , Pk} ∪
(
H \ ∪1≤j≤kHPj
)
, 0 ≤ k ≤ n.
Note that P0 = H, Pn = P. By definition, we have Pk is an extended structure
for (G,Pk−1) for each 1 ≤ k ≤ n. In particular, Conditions (P1)-(P3) imply that
Pk ⊂ G satisfies Conditions (C0)-(C3) for (G,Pk−1). By repeated applications of
Theorem 3.10, we obtain Pk is parabolically extended for (G,Pk−1). Finally, we
prove that P is parabolically extended for (G,H). 
In what follows, we have all assumptions of Theorem 3.10 are satisfied.
Choose a finite relative generating set X for (G,H). Let Ω the finite set obtained
by using Lemma 2.5 for G (G,X ∪ H). To simplify notations, we denote P =
{Γ} ∪H \K.
Since Γ ⊂ G is assumed to satisfy Conditions (C0)–(C3), by Lemma 2.22 we have
Γ is finitely generated by a subset Y with respect to K. Without loss of generality,
18 WEN-YUAN YANG
we assume Y ⊂ X . So the graph embedding ι : G (Γ, Y ∪ K) →֒ G (G,X ∪ H) is a
quasi-isometric map.
Note that P satisfies Assumption A. So given any path p of G (G,X∪H), we can
define the lifting path pˆ in G (G,X ∪ P) as in Subsection 3.2. So we have exactly
Lemmas 3.5 and 3.6.
Furthermore, by Lemma 3.13 below, we have Assumption B satisfied in the cur-
rent setting. So we have the following result by Proposition 3.8.
Proposition 3.12. Under the assumptions of Theorem 3.10. Lifting of a quasi-
geodesic without backtracking in G (G,X∪P) is a quasigeodesic without backtracking
in G (G,X ∪H).
The following Lemma 3.13 is an analogue of Lemma 2.5, without assuming that
(G,P) is relatively hyperbolic. Recall that P = {Γ} ∪H \K.
Lemma 3.13. Under the assumptions of Theorem 3.10. There exists µ ≥ 1 such
that for any cycle o in G (G,X ∪ P) with a set of isolated Γ-components R =
{r1, . . . , rk}, the following holds
∑
r∈R
dX∪H(r−, r+) ≤ µℓ(o).
We defer the proof of Lemma 3.13 and now finish the proof of Theorem 3.10 by
using Proposition 3.12.
Proof of Theorem 3.10. We shall prove the relative hyperbolicity of (G,P) using
Farb’s definition.
Let pqr be a geodesic triangle in G (G,X ∪ P). We are going to verify the
thinness of pqr. Let pˆ, qˆ, rˆ be lifting of p, q, r in G (G,X ∪H) respectively. Then by
Proposition 3.12, there exists λ ≥ 1, c ≥ 0 such that pˆqˆrˆ is a (λ, c)-quasigeodesic
triangle in G (G,X ∪H).
Since (G,H) is relatively hyperbolic, then pˆqˆrˆ is ν-thin for the constant ν > 0
depending on λ, c. That is to say, the side pˆ belongs to a ν-neighborhood of the
union q ∪ r. Since G (G,X ∪H) →֒ G (G,X ∪P), we have dX∪P(x, y) ≤ dX∪H(x, y)
for x, y ∈ G. By the construction of lifting paths, we have the vertex set of triangle
pqr is contained in a 1-neighborhood of the one of triangle pˆqˆrˆ in G (G,X ∪ P).
Then pqr is (ν + 1)-thin in G (G,X ∪ P).
Given any λ ≥ 1, c ≥ 0, we take two (λ, c)-quasigeodesics p, q without backtrack-
ing in G (G,X ∪ P) with same endpoints. Let pˆ, qˆ be lifting of p, q in G (G,X ∪H)
respectively. By Proposition 3.12, there exist constants λ′ ≥ 1, c′ ≥ 0, such that
pˆ, qˆ are (λ′, c′)-quasigeodesic without backtracking in G (G,X ∪H).
Let Xˆ = X ∪ Ω. Using Lemma 2.5 again, we obtain a finite set Σ and constant
µ > 1 such that the inequality (1) holds in G (G, Xˆ ∪ H). Let ǫ = ǫ(λ′, c′) the
constant given by Lemma 2.7.
Suppose s is a Γ-component of p such that no Γ-component of q is connected
to s. To verify BCP property 1), it suffices to bound d
Xˆ∪Σ(s−, s+) by a uniform
constant using Corollary 2.15. BCP property 2) can be verified in a similar way.
Since endpoints of s belong to the vertex set of pˆ, by Lemma 2.7, there exists
vertices uˆ, vˆ ∈ qˆ such that
d
Xˆ
(s−, uˆ) < ǫ, dXˆ(s+, vˆ) < ǫ.
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If uˆ is not a vertex of q, then uˆ must belong to a lifting of a Γ-component of q.
So we can take a phase vertex u ∈ p such that dX∪P(u, uˆ) ≤ 1. Otherwise, we set
u = uˆ. Similarly, we choose a phase vertex v of q such that dX∪P(v, vˆ) ≤ 1. We
connect u, uˆ(resp. v, vˆ) by a path eu(resp. ev), which consists of at most one edge
labeled by a letter from Γ. The path eu is trivial if u = uˆ.
By regarding p, q as paths in G (G, Xˆ∪P), there exist paths l and r in G (G, Xˆ∪P)
labeled by letters from Xˆ, such that l− = s−, l+ = uˆ, r− = s+, r+ = vˆ. Let
o = srev[u, v]
−1
q e
−1
u l
−1
be a cycle in G (G, Xˆ ∪P), where [u, v]q denotes the segment of q between u and v.
Since [u, v]q is a (λ, c)-quasigeodesic in G (G, Xˆ∪P), then by the triangle inequality,
ℓ([u, v]q) ≤ λdX∪P(u, v) + c
≤ λ(dX∪P (u, uˆ) + dX∪Ω(uˆ, s−) + 1 + dX∪P(s+, vˆ) + dX∪P(v, vˆ)) + c
≤ λ(3 + 2ǫ) + c.
It follows that
ℓ(o) ≤ ℓ([u, v]q) + dX∪P(u, uˆ) + dX∪Ω(uˆ, s−) + 1 + dX∪P(s+, vˆ) + dX∪P(v, vˆ)
≤ (λ+ 1)(3 + 2ǫ) + c.
By Lemma 3.13, there exists a constant µ ≥ 1 such that
(20) dX∪H(s−, s+) ≤ µℓ(o) ≤ µ(λ+ 1)(3 + 2ǫ) + cµ.
Let sˆ be the lifting of the Γ-component s in G (G,X ∪H). As a subpath of pˆ, sˆ is
a (λ′, c′)-quasigeodesic in G (G,X ∪H). Then we have ℓ(sˆ) ≤ λ′dX∪H(s−, s+) + c′.
We consider the cycle in G (G, Xˆ ∪H) as follows
oˆ := sˆr[uˆ, uˆ]−1qˆ l
−1,
where [uˆ, vˆ]qˆ denotes the subpath of qˆ between uˆ and vˆ. As qˆ is a (λ
′, c′)-quasigeodesic
in G (G,X ∪H), we have
ℓ([uˆ, vˆ]qˆ) ≤ λ
′dX∪H(uˆ, vˆ) + c
′
≤ λ′(dX∪P(uˆ, s−) + dX∪H(s−, s+) + dX∪P(s−, vˆ)) + c′
≤ λ′(2ǫ+ dX∪H(s−, s+)) + c′.
It follows that
(21)
ℓ(oˆ) ≤ d
Xˆ
(uˆ, s−) + ℓ(s) + dXˆ(s+, vˆ) + ℓ([uˆ, vˆ]qˆ)
< 2ǫ(λ′ + 1) + λ′dX∪H(s−, s+) + c
′.
It is assumed that no Γ-component of q is connected to the Γ-component s of
p. By Lemma 3.6, we obtain that, for any Hi ∈ H, no Hi-component of sˆ is
connected to an Hi-component of qˆ. Moreover, sˆ has no backtracking by Lemma
2.24. Hence every Hi-component of sˆ is isolated in the cycle oˆ. Using Lemma 2.5
for G (G, Xˆ ∪H), we have
d
Xˆ∪Σ(s−, s+) < dX∪H(s−, s+) · κℓ(oˆ).
Observe that dX∪H(s−, s+) and ℓ(oˆ) are upper bounded by uniform constants, as
shown in 20, 21. Thus the distance d
Xˆ∪Σ(s−, s+) is also uniformly upper bounded
by a constant. Therefore, we have completed the verification of BCP property 1)
for (G,P) 
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3.4. Proof of Lemma 3.13. Under the assumptions of Theorem 3.10, we now
prove Lemma 3.13. Our proof is essentially inspired by Osin’s arguments in [29]. In
particular, we need the following two Lemmas 3.14 and 3.15 analogous to Lemmas
3.1 and 3.2 in [29] respectively.
Let X be a finite relative generating set for (G,H). Recall that two paths p, q
in G (G,X ∪H) are called k-connected for k ≥ 0, if
max{dX∪H(p−, q−), dX∪H(p+, q+)} ≤ k.
Since (G,H) is relatively hyperbolic, we obtain the finite set Ω by using Lemma 2.5
for G (G,X ∪H).
The following lemma requires only the assumption that (G,H) is relatively hy-
perbolic. It can be proven by combining the proofs of [28, Proposition 3.15] and
[29, Lemma 3.1] partially. The details is left to the interested reader, or see the
proof in Appendix A of Thesis [32]. We also remark that a result of the same spirit
as Lemma 3.14 was obtained in [5, Proposition 1.11].
Lemma 3.14. For any λ ≥ 1, c ≥ 0, there exists α1 = α1(λ, c) > 0 such that, for
any k ≥ 0, there exists α2 = α2(k, λ, c) > 0 satisfying the following condition. Let p,
q be two k-connected (λ, c)-quasigeodesics in G (G,X ∪H). If p has no backtracking
and u is a phase vertex on p such that min{dX∪H(u, p−), dX∪H(u, p+)} > α2. Then
there exists a phase vertex v on q such that dX∪Ω(u, v) ≤ α1.
Using Lemma 3.14, the following lemma, although stated in geometric terms,
is a reminiscent of [29, Lemma 3.2] and can be proven along the same line with
Conditions (C0)–(C3) on Γ. See a proof in Appendix A of Thesis [32].
Lemma 3.15. For any λ ≥ 1, c ≥ 0, k > 0, there exists L = L(λ, c, k) > 0
such that the following holds. Let p, q be k-connected (λ, c)-quasigeodesics without
backtracking in G (G,X ∪ H) such that p, q are labeled by letters from Γ \ {1}. If
min{ℓ(p), ℓ(q)} > L, then p and q as Γ-components are connected in G (G,X ∪ P).
We define a geodesic n-polygon P in a geodesic metric space as a collection of
n geodesics p1, . . . , pn such that (pi)+ = (pi+1)−, where i is taken modulo n. The
following lemma follows from the proof of [26, Lemma 25], but is weaker.
Lemma 3.16. [26] There are constants β1 = β1(δ) > 0, β2 = β2(δ) > 0 such that
the following holds for any geodesic n-polygon P in a δ-hyperbolic space. Suppose
the set of all sides of P is divided into three subsets R, S and T with length sums
ΣR, ΣS and ΣT respectively. If ΣR > max{βn, 103ΣS} for some β ≥ β1. Then
there exist distinct sides pi ∈ R, pj ∈ R ∪ T that contain β2-connected segments of
length greater than 10−3β.
We are now ready to prove Lemma 3.13. Its proof uses crucially the quasi-
isometric map ι : G (Γ, Y ∪K) →֒ G (G,X ∪H).
Proof of Lemma 3.13. Without loss of generality, we assume the cycle o in G (G,X∪
P) can be written as the following form
o = r1s1 . . . rnsn
such that {r1, . . . , rn} is the maximal set of Γ-components of o. Note that sn is not
trivial. We assume that {rn1 , . . . rnk} is a set of isolated Γ-components of o.
Consider the geodesic 2n-polygon a1b1 . . . anbn, where ai and bi are geodesics in
G (G,X ∪H) with the same endpoints as ri and si respectively. We divide the sides
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of the 2n-polygon into three disjoint sets. Let R = {an1 , . . . , ank}, S = {b1, . . . , bn}
and T = {ai : ai /∈ R}. Set ΣR =
n∑
i=0
ℓ(ani) and ΣS =
k∑
i=1
ℓ(bni). Obviously
ΣS ≤ ℓ(o).
Let rˆi be a geodesic segment in G (Γ, Y ∪K) such that (rˆi)− = (ri)− and (rˆi)+ =
(ri)+. Since the embedding ι : G (Γ, Y ∪K) →֒ G (G,X ∪H) is quasi-isometric, then
rˆi is a (λ, c)-quasigeodesic in G (G,X ∪H) for some λ ≥ 1, c ≥ 0. Moreover, rˆi has
no backtracking by Lemma 2.24.
Let δ denote the hyperbolicity constant of G (G,X ∪ H). By the stability of
quasigeodesics in hyperbolic spaces (see [18] or [17]), there exists a constant ξ =
ξ(δ, λ, c) such that rˆi have a uniform Hausdorff ξ-distance from ai.
Let β1 = β1(δ), β2 = β2(δ) be the constants provided by Lemma 3.16, L =
L(λ, c, β2 + 2ξ) the constant provided by Lemma 3.15.
It suffices to set µ = max{β1, 103, (L + 2ξ) · 103} for showing ΣR ≤ µℓ(o).
Suppose, to the contrary, we have ΣR > µℓ(o). This yields
ΣR > µℓ(o) ≥ max{µℓ(o), 10
3ℓ(o) ≥ max{µℓ(o), 103ΣS}.
By Lemma 3.16, there are distinct sides aj ∈ R and ak ∈ R ∪ T , having β2-
connected segments of length at least µ · 10−3. Therefore, there exist (β2 + 2ξ)-
connected subsegments q1 ⊂ rˆj , q2 ⊂ rˆk such that
min{ℓ(q1), ℓ(q2)} ≥ µ · 10
−3 − 2ξ ≥ L.
Since q1, q2 are (λ, c)-quasigeodesics labeled by letters from Γ, they are connected
by Lemma 3.15. Thus, rj and rk are connected. This is a contradiction, since rj is
an isolated Γ-component of the cycle o. 
4. Peripheral structures and Floyd boundary
4.1. Convergence groups and dynamical quasiconvexity. Let M be a com-
pact metrizable space. We denote by ΘnM the set of subsets of M of cardinality
n, equipped with the product topology.
A convergence group action is an action of a group G onM such that the induced
action of G on the space Θ3M is properly discontinuous. Following Gerasimov [10],
a group action of G on M is 2-cocompact if the quotient space Θ2M/G is compact.
Suppose G has a convergence group action on M . Then M is partitioned into a
limit set ΛM (G) and discontinuous domain M \ΛM (G). The limit set ΛM (H) of a
subgroup H ⊂ G is the set of limit points, where a limit point is an accumulation
point of some H-orbit in M . An infinite subgroup P ⊂ G is a parabolic subgroup
if the limit set ΛM (P ) consists of one point, which is called a parabolic point. The
stabilizer of a parabolic point is always a (maximal) parabolic group. A parabolic
point p with stabilizerGp := StabG(p) is bounded if Gp acts cocompactly onM \{p}.
A point z ∈ M is a conical point if there exists a sequence {gi} in G and distinct
points a, b ∈M such that gi(z)→ a , while for all q ∈M \ {z}, we have gi(q)→ b.
Convention 2. For simplicity, we often denote by G y M a convergence group
action of G on a compact metrizable M .
Let us begin with the following simple observation.
Lemma 4.1. Suppose a group G admits convergence group actions on compact
spaces M and N respectively. If there is a G-equivariant surjective map φ from M
to N , then for any H < G, φ(ΛM (H)) = ΛN(H).
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Proof. Given x ∈ ΛM (H), by definition, there exists z ∈ M and {hn} ⊂ H such
that hn(z) → x as n → ∞. Since φ is a G-equivariant map, we have hn(φ(z)) =
φ(hnz) → φ(x). Then φ(x) is the limit point of of sequence {hn(φ(z))} and thus
φ(x) ∈ ΛN(H).
Conversely, for any y ∈ ΛN (H), there exists z ∈ N and {hn} ⊂ H such that
hn(z)→ y. Take w ∈M such that φ(w) = z. We have φ(hnw) = hnφ(w) = hnz →
y. After passage to a subsequence, we assume x ∈ ΛM (H) to be the limit point
of sequence {hnw}. Then φ(hnw) → φ(x) by the continuity of φ. It follows that
φ(x) = y. Therefore, we obtain ΛN (H) ⊂ φ(ΛM (H)). 
Remark 4.2. Note that in general φ−1(ΛN (H)) = ΛM (H) is not true. This is
readily seen from Lemma 4.16 below.
Definition 4.3. A subgroup H of a convergence group action GyM is dynami-
cally quasiconvex if the following set
{gH ∈ G/H : gΛN(H) ∩K 6= ∅, gΛN(H) ∩ L 6= ∅}
is finite, whenever K and L are disjoint closed subsets of M .
Remark 4.4. The notion of dynamical quasiconvexity was introduced by Bowditch
[4] in hyperbolic groups and is proven there to be equivalent to the geometrical
quasiconvexity.
In the following lemma, we show that dynamical quasiconvexity is kept under
an equivariant quotient.
Lemma 4.5. Suppose a group G admits convergence group actions on compact
spaces M and N respectively. Assume, in addition, that there is a G-equivariant
surjective map φ from M to N . If H ⊂ G is dynamically quasiconvex with respect
to GyM , then it is dynamically quasiconvex with respect to Gy N .
Proof. Given any disjoint closed subsets K,L of N , we are going to bound the
cardinality of the following set
Θ = {gH ∈ G/H : gΛN(H) ∩K 6= ∅, gΛN(H) ∩ L 6= ∅}.
Let K ′ = φ−1(K) and L′ = φ−1(L). Obviously K ′ ∩ L′ = ∅. For each gH ∈ Θ,
we claim gΛM (H) ∩K ′ 6= ∅. Otherwise, we have then
φ(gΛM (H)) ∩ φ(K
′) = gφ(ΛM (H)) ∩K = ∅.
By Lemma 4.1, we have gΛN (H)∩K = ∅. This is a contradiction. Hence gΛM (H)∩
K ′ 6= ∅. Similarly, we have gΛM (H) ∩ L′ 6= ∅.
By the dynamical quasiconvexity of H with respect to Gy M , we have Θ is a
finite set. Thus, H is dynamically quasiconvex with respect to Gy N . 
Definition 4.6. A convergence group action of G on M is geometrically finite if
every limit point of G in M is either a conical or bounded parabolic.
We now summarize as follows the equivalence of several dynamical formulations
of relative hyperbolicity. Theorems 4.7 and 4.9 shall enable us to translate the
results established in previous sections in dynamical terms.
Theorem 4.7. [3][10][30][31] Suppose a finitely generated group G acts on M as a
convergence group action. Let P be a set of representatives of the conjugacy classes
of maximal parabolic subgroups. Then the following statements are equivalent:
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(1) The pair (G,P) is relatively hyperbolic in the sense of Farb,
(2) GyM is geometrically finite,
(3) GyM is a 2-cocompact convergence group action.
Remark 4.8. The direction (1) ⇒ (2) is due to Bowditch [3]; (2) ⇒ (1) is proved
by Yaman [31]; (2) ⇒ (3) is implied in the work of Tukia [30, Theorem 1 C];
(3) ⇒ (2) is proven in Gerasimov [10] without assuming that G is countable and
M metrizable.
In Theorem 4.7, the limit set of G with respect to G y M will be referred as
Bowditch boundary of the relatively hyperbolic group G. We shall often write it
as TP, with reference to a particular peripheral structure P. It is shown in [3] that
Bowditch boundary is well-defined up to a G-equivariant homeomorphism.
In different contexts, we can formulate the corresponding notions of relative
quasiconvexity, which are proven to be equivalent.
Theorem 4.9. [12] [15] [19] Suppose a finitely generated group G acts geometri-
cally finitely on M . Let Γ be a subgroup of G. Then the following statements are
equivalent:
(1) Γ is relatively quasiconvex,
(2) Γy ΛM (Γ) is geometrically finite,
(3) Γ is dynamical quasiconvex with respect to GyM .
Remark 4.10. The equivalence (1) ⇔ (2) is proved by Hruska [19] for countable
relatively hyperbolic groups; (1)⇔ (3) is proven in Gerasimov-Potyagailo [12].
Lastly we recall a useful result about peripheral subgroups of finitely generated
relatively hyperbolic groups.
Lemma 4.11. [6][28][10][19] Suppose G is finitely generated and hyperbolic relative
to H. Then each H ∈ H is undistorted in G. Moreover H is relatively quasiconvex
in any relatively hyperbolic (G,P).
Remark 4.12. The undistortedness of peripheral subgroups are proved by Osin
[28], Drutu-Sapir [6] and Gerasimov [10], using quite different methods. The last
statement is proved by Hruska [19].
4.2. Floyd boundary and relative hyperbolicity. In this subsection, we first
briefly recall the work of Gerasimov [11] and Gerasimov-Potyagailo [12] on Floyd
maps. Based on their results, the Bowditch boundary with respect to a parabolically
extended structure is shown as an equivalent quotient, and then the kernel of such
an equivariant map is described.
From now on, unless explicitly stated, G is always assumed to be finitely gener-
ated by a fixed finite generating set X .
In [9], Floyd introduced a compact boundary for a finitely generated group G.
Let f be a suitable chosen function satisfying Conditions (3)–(4) in [13]. We first
rescale the length of each edge e of G (G,X) by f(n), where n is the word distance
of the edge e to 1 ∈ G. Then we take length metric on G (G,X) and get the Cauchy
completion Gf of G (G,X). The complete metric ρ on Gf is called Floyd metric.
The completion Gf is compact, and the remainder Gf \G is defined to be the Floyd
boundary ∂fG of G with respect to f .
If ∂fG consists of 0, 1 or 2 points then it is said to be trivial. Otherwise, it is
uncountable and is called nontrivial. If ∂fG is nontrivial, then G acts on ∂fG as a
convergence group action, by a result of Karlsson [21].
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The following Floyd map theorem due to Gerasimov [11] is key to our study of
peripheral structures.
Theorem 4.13. [11] Suppose G y M is 2-cocompact and M contains at least 3
points. Then there exists a continuous G-equivariant map φ : ∂fG → M , where
f(n) = αn for some α ∈]0, 1[ sufficiently close to 1. Furthermore Λ(G) = φ(∂fG).
The map φ given by Theorem 4.13 is called Floyd map. According to the dis-
cussion in [13], the Floyd map φ defines a closed G-invariant equivalent relation
ω := {(x, y) : φ(x) = φ(y), x, y ∈ ∂fG}, which induces a shortcut pseudometric ρ˜
on ∂fG. This shortcut pseudometric is characterized as the maximal pseudometric,
among which vanishes on ω and is less then the Floyd metric ρ. See [13] for more
details.
Recall that TH denotes the Bowditch boundary of G y M , where H is a set of
representatives of the conjugacy classes of maximal parabolic subgroups of GyM .
Moreover, the push-forward of ρ˜ by φ is shown to be a metric on TH in [11], which
is called shortcut metric (still denoted by ρ˜). Thus, φ is a distance decreasing map
from (∂fG, ρ) to (TH, ρ˜):
(22) ∀x, y ∈ ∂fG : ρ(x, y) ≥ ρ˜(φ(x), φ(y)).
Convention 3. Given a subgroup J ⊂ G, we denote by Λf(J) and ΛH(J) limit
sets with respect to Gy ∂fG and Gy TH respectively.
We now recall the characterization of the “kernel” of Floyd maps given in [13].
Note that a more complete characterization appears in [14], but here we do not
need that deeper result.
Theorem 4.14. [13] Suppose G y T is 2-cocompact. Let φ : ∂fG → T be a
G-equivariant map. Then
φ−1(p) = Λf (Gp)
for any parabolic point p ∈ T . Moreover, the multivalued inverse map ϕ−1 is
injective on conical points of Gy T .
In the following two lemmas, we shall show the Bowditch boundary with respect
to an extended parabolically structure can be described in a nice way.
Lemma 4.15. Suppose (G,H) is relatively hyperbolic. Let P be a parabolically
extended structure for (G,H). Then there exists a G-equivariant surjective map ϕ
such that the following diagram commutes
(23) ∂fG
φ2
!!C
C
C
C
C
C
C
C
φ1
// TH
ϕ

TP
where φ1 and φ2 are Floyd maps given by Theorem 4.13. Furthermore, ϕ is a
distance decreasing map with respect to the shortcut metrics dH and dP.
Proof. The following function ϕ is well-defined:
∀x ∈ TH : ϕ(x) = φ2φ
−1
1 (x).
It is easy to verify that ϕ is a G-equivariant continuous map.
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We now show the last statement of this lemma. Let ω1 and ω2 be G-invariant
equivalence relations induced by Floyd map φ1 and φ2 respectively. Observe that
ω1 ⊂ ω2. Thus it follows easily that
∀x, y ∈ TH : dH(x, y) ≥ dP(ϕ(x), ϕ(y)).
from the definition of shortcut pseudometrics on Gf . 
The following lemma follows easily from Theorem 4.14 and describes the kernel
of the map ϕ defined in Lemma 4.15.
Lemma 4.16. Suppose (G,H) is relatively hyperbolic and P is a parabolically ex-
tended structure for (G,H). Let ϕ : TH → TP be the G-equivariant surjective map
provided by Lemma 4.15. Then
ϕ−1(p) = ΛH(Gp)
for any parabolic point p ∈ TP. Moreover, the multivalued inverse map ϕ−1 is
injective on conical points of Gy TP.
Proof. Observe that ϕ−1(p) = φ1φ
−1
2 (p) for any p ∈ TP. Suppose ϕ(a) = ϕ(b) = p
for a, b ∈ TH, i.e. a, b ∈ ϕ−1(p). If p is conical with respect to Gy TP, then φ
−1
2 (p)
consists of one single point. Thus a = b.
If p is bounded parabolic with respect to Gy TP, then φ
−1
2 (p) = Λf(Gp) using
Theorem 4.14. By Lemma 4.1, we obtain ϕ−1(p) = φ1(Λf (Gp)) = ΛH(Gp). The
proof is complete. 
4.3. Proof of Theorem 1.3. The proof of Theorem 1.3 is divided into the fol-
lowing two propositions. Taking into account Theorem 4.9, the first proposition
follows immediately from Lemmas 4.1 and 4.15.
Proposition 4.17. Suppose (G,H) is relatively hyperbolic and P is a parabolically
extended structure for (G,H). If Γ ⊂ G is relatively quasiconvex in G with respect
to H, then Γ is relatively quasiconvex in G with respect to P.
By Theorem 4.9, the second statement of Theorem 1.3 is restated in the following
dynamical terms.
Proposition 4.18. Suppose (G,H) is relatively hyperbolic and P is a parabolically
extended structure for (G,H). Let Γ ⊂ G acts geometrically finitely on ΛP(Γ).
Then Γ acts geometrically finitely on ΛH(Γ) if and only if Γ∩P
g
j acts geometrically
finitely on ΛH(Γ ∩ P
g
j ) for any j ∈ J and g ∈ G.
Proof. ⇒: By Lemma 3.3, each Pj is relatively quasiconvex with respect to H. It
is a well-known fact that the intersection of two relatively quasiconvex subgroups
is relatively quasiconvex, see for example, [19] and [24]. Hence we have Γ ∩ P gj is
relatively quasiconvex with respect to H, and then acts geometrically finitely on its
limit set ΛH(Γ ∩ P
g
j ).
⇐: By Lemma 4.15, the map ϕ : TH → TP is a distance decreasing function with
respect to the induced shortcut metrics dH and dP.
Since Γ is relatively quasiconvex with respect to P, then the following set
{Γ ∩ P gj : ♯ Γ ∩ P
g
j =∞, g ∈ G, j ∈ J}
contains finitely many Γ-conjugacy classes, say {Q1, . . . , Qn}. By Theorem 4.7, each
Qi acts 2-cocompactly on ΛH(Qi). We shall show that Γ also acts 2-cocompactly
on ΛH(Γ).
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Since Γ acts 2-cocompactly on ΛP(Γ), these exists ǫ0 > 0 such that for any
(x, y) ∈ Θ2(ΛP(Γ)), there exists γ ∈ Γ satisfying dP(γx, γy) > ǫ0. Similarly, we
have a positive constant ǫi > 0 for each i ∈ I such that for any (x, y) ∈ Θ2(ΛH(Qi)),
there exists γ ∈ Qi satisfying dH(γx, γy) > ǫi.
Let ǫ := min{ǫ0,min{ǫi : i ∈ I}}. We now define a compact L ⊂ Θ
2(ΛH(Γ)) as
follows
L = {(x, y) ∈ Θ2(ΛH(Γ)) : dH(x, y) ≥ ǫ}.
Then we claim L is a fundamental domain of Γ on Θ2(ΛH(Γ)).
Given distinct points p, q ∈ ΛH(Γ), we have the following two cases to consider:
Case 1. φ(p) 6= φ(q). Then there exists γ0 ∈ Γ such that
dP(γ0(ϕ(p)), γ0(ϕ(q))) = dP(ϕ(γ0p), ϕ(γ0q)) > ǫ0 > ǫ.
Since ϕ is a distance decreasing map, we have dH(γ0p, γ0q) ≥ dP(φ(γ0p), φ(γ0q)).
This implies γ0(p, q) ∈ L.
Case 2. φ(p) = φ(q). By Lemma 4.16, we have the points p, q lie in the limit
set ΛH(Q
γ
i ) for some 1 ≤ i ≤ n, γ ∈ Γ, i.e. (γ
−1(p), γ−1(q)) ∈ ΛH(Qi). Then
there exists an element γi from Qi such that dH(γiγ
−1(p), γiγ
−1(q)) > ǫi > ǫ. This
implies that γiγ
−1(p, q) ∈ L.
Combining the above two cases, we showed that Γ acts 2-cocompactly ad thus
geometrically finitely on ΛH(Γ). 
Remark 4.19. Using an argument of [23] with Proposition 3.8, one is able to obtain
the full generality of Theorem 1.3 for countable relatively hyperbolic groups. We
leave the details to the interested reader.
The proof of Proposition 4.18 also produces the following result.
Theorem 4.20. (Theorem 1.5) Suppose (G,H) is relatively hyperbolic. Then G
acts geometrically finitely on ∂fG if and only if each H ∈ H acts geometrically
finitely on Λf (H).
Proof. ⇒: Note that each H ∈ H is undistorted in G by Lemma 4.11. Since G acts
geometrically finitely on ∂fG, then by Theorem 4.9 each H ∈ H acts geometrically
finitely on Λf (H).
⇐: In particular, we use the Floyd map φ : ∂fG → TH instead of the map ϕ
in the proof of Proposition 4.18. Note that F is also a distance decreasing map
with respect to ρ and dH. The other arguments are exactly the same as Proposition
4.18. 
4.4. Some applications. In this subsection, we give some preliminary results on
general peripheral structures. The first result roughly states that if a finitely gener-
ated group acts geometrically finitely on its Floyd boundary, then every peripheral
structure to which it may be hyperbolic relative are parabolically extended for a
canonical peripheral structure. This is a direct corollary to Theorem 4.13.
Corollary 4.21. Suppose G acts geometrically finitely on ∂fG and (G,P) is rela-
tively hyperbolic. Then P is parabolically extended for (G,H), where H comprises
a suitable choice of representatives of the conjugacy classes of maximal parabolic
subgroups with respect to Gy ∂fG, and possibly a trivial subgroup.
Proof. Let φ : ∂fG → TP be the Floyd map given by Theorem 4.13. Let H˜ be the
collection of maximal parabolic subgroups with respect to Gy ∂fG.
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Claim 1. For each H ∈ H˜, there exists g ∈ G and j ∈ J such that H ⊂ P gj .
Proof of Claim 1. As Λf (H) is a parabolic point, then φ(Λf (H)) is also fixed by
H . Hence ΛP(H) consists of one point or two points. If ΛP(H) is one point, then
H contains no hyperbolic elements. By [30, Theorem 3A], the stabilizer of ΛP(H)
is a maximal parabolic subgroup for the action Gy TP. So the claim is proved in
this case.
We now show that ΛP(H) could not consist of two points. Suppose not. Let q
be the other point in ΛP(H). Then the preimage φ
−1(q) is H-invariant. Take a
point z ∈ φ−1(q). As H acts properly discontinuously on ∂fG \ {Λf(H)}, then the
orbit H(z) should converge to Λf (H). However, we have φ(H(z)) and φ(ΛP(H))
are distinct points. This contradicts to the continuity of φ. 
Let Hj be a set of representatives of the conjugacy classes of maximal parabolic
subgroups with respect to Pj y Λf (Pj).
Claim 2. The union H := ∪j∈JHj is a set of representatives of H˜.
Proof of Claim 2. By Claim 1, we have that H contains at least a set of represen-
tatives of the conjugacy classes of H˜. Moreover, it is easy to verify that no two
entries of H is conjugate in G. The claim is thus proved. 
If there exists a parabolic subgroup P ∈ P such that P is a hyperbolic group,
then we may add the trivial subgroup into H. Then by the choice of H, we have
that P is parabolically extended for (G,H). 
In view of Corollary 4.21, Theorem 1.3 gives the following corollary, concerning
about “universal” relatively quasiconvex subgroups in certain classes of relatively
hyperbolic groups.
Corollary 4.22. If G acts geometrically finitely on ∂fG and (G,P) is relatively
hyperbolic. Then relatively quasiconvex subgroups of G with respect to G y ∂fG
are relatively quasiconvex with respect to (G,P).
Moverover, the following conjecture is made by Olshanskii-Osin-Sapir on the
relationship between relatively hyperbolic groups and their Floyd boundaries.
Conjecture A. [27] If a finitely generated group has non-trivial Floyd boundary,
then it is hyperbolic relative to a collection of proper subgroups.
In [2], Behrstock-Drutu-Mosher studied Dunwoody’s inaccessible group J which
is constructed in [7]. In particular, they proved that there exists no collection P of
NRH proper subgroups such that J is hyperbolic relative to P. Moreover, we have
the following observation.
Proposition 4.23. Dunwoody’s group J in [7] does not act geometrically finitely
on its Floyd boundary.
Proof. By way of contradiction, we suppose J y ∂fJ is geometrically finite. Let P
be a set of representatives of the conjugacy classes of maximal parabolic subgroups
with respect to J y ∂fJ . Then the Floyd boundary ∂fJ is same as the Bowditch
boundary TP. Moreover, the limit set Λf (P ) of each P ∈ P consists of only one
point.
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By Proposition 6.3 in Behrstock-Drutu-Mosher [2], there exists a subgroup Γ ∈ P
such that Γ is hyperbolic relative to a collection of proper subgroups K = {Kj}j∈J .
By Corollary 1.14 in [6], we have that J is hyperbolic relative to H := K∪ (P\{Γ}).
By Theorem 4.13, we have a G-equivalent Floyd map ϕ : TP = ∂fJ → TH. Note
that Λf (Γ) consists of one point. Using Theorem 4.14, we will obtain that ϕ maps
Λf(Γ) to different points ΛH(Kj). This gives a contradiction. Hence, the action
J y ∂fJ is not geometrically finite 
Remark 4.24. Note that a more direct proof (without using [6, Corollary 1.14 ])
follows from [14, Theorem C] and Theorem 4.13. A consequence of [14, Theorem
C] says that if (G,H) is relatively hyperbolic, then there is a particular Floyd
function f such that for each H ∈ H, the limit set Λf(H) is homeomorphic to
its Floyd boundary ∂fH . On the other hand, Theorem 4.13 implies that a non-
elementary relatively hyperbolic group has a non-trivial Floyd boundary. So if J
acts geometrically finitely on its Floyd boundary, then Floyd boundary of every
P ∈ P consists of one point. As above, by [2, Proposition 6.3], there exists Γ ∈ P
acting non-trivially on a compactum, which contradicts to Theorem 4.13.
Recall that a group H is said Non-Relatively Hyperbolic (NRH) if H is not
hyperbolic relative to any collection of proper subgroups. As suggested by Theorem
4.23, it seems reasonable to conjecture the following.
Conjecture B. If a finitely generated group is hyperbolic relative to a collection of
NRH proper subgroups, then it acts geometrically finitely on its Floyd boundary.
As a matter of fact, the converse of Conjecture B is true by Corollary 4.21.
Although Conjectures A and B appear to be different claims, they turn out to
be equivalent by the following simple arguments.
Proposition 4.25. Conjecture A is equivalent to Conjecture B.
Proof. Conjecture A implies Conjecture B: Suppose Conjecture B is false.
Then there exists a relatively hyperbolic group G with respect to a collection H of
NRH proper subgroups such that G does not act geometrically finitely on its Floyd
boundary. Then by Theorem 1.5, there is a parabolic subgroup H ∈ H such that
the limit set Λf(H) is nontrivial and the action H y Λf (H) is not geometrically
finite. By Theorem C in [14], Λf (H) is homeomorphic to the Floyd boundary of
H . Therefore, this contradicts to Conjecture A.
Conjecture B implies Conjecture A: Suppose, to the contrary, that there
exists a NRH group Γ with non-trivial Floyd boundary. Then we take a free product
G = Γ∗F2, where F2 is a free group of rank 2. By Conjecture A,G acts geometrically
finitely on ∂fG. By Theorem 1.5, we have that Γ also acts geometrically finitely on
Λf(Γ). Using again Theorem C in [14], we obtain that Γ acts geometrically finitely
on its non-trivial Floyd boundary. This contradicts to the hypothesis that Γ is a
non-relatively hyperbolic group. 
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